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We estimated a minimum radius of a beam under given normalized emittance and a minimum emittance of proton 
and electron beams. We obtained the simple expression for a minimum radius of a beam min nх Е= /1 rad and the 
value of the minimum for normalized emittance for proton and electron beams ,1nЕ : 0.01 cm·mrad and ,2nЕ :
(0.01 ÷ 1) cm·mrad respectively.
PACS number: 29.27.Fh
We considered charge particle beams with accelera-
tion duration τ  in the linac which is more than a typical 
relaxation time  0τ  (the equilibrium state due to close 
collision). In this case the beam can be characterized by 
a certain value of temperature  0T .  Our estimation for 
most of proton beams in resonance linacs 0τ = ppτ  ~1 s. 
Practically this means the existence of a stationary beam 
temperature at the next stage of acceleration – circular 
accelerators with a minimum output energy ~ 10 GeV. 
The  stationary  electron  beam temperature  takes  place 
significantly earlier. We considered properties of such 
charge particle beams. Expression for the total particle 
velocity β Σ  is
2β Σ = 2β + 2 .mβ ⊥ - 2β 2 .mβ ⊥              (1)
where β Σ , β  are the normalized total and longitudinal 
velocities in a laboratory coordinate system respective-
ly,  mβ ⊥  is  the  transversal  normalized  velocity  in  a 
moving system of coordinates. From (1) resulting is the 
expression for the transversal normalized velocity in the 
laboratory system of coordinates
β ⊥ = mβ ⊥ / γ                            (2)
where γ =1/ 21 β− .
Then the maximal value of the transversal velocity 
for given γ  is
maxβ ⊥ =1/ γ                       (3)
For ultrarelativistic beams we have the expression 1- β
= 1,  then  the  maximum  value  of  divergence  'x
=dx/dz= maxβ ⊥ / β  practically coincides with the value 
maxβ ⊥  (x, z are transversal and longitudinal coordinates 
respectively).
Basis for any emittance definition [1, 2] is the inte-
gral  invariant  xdxdp∫ = const,  where х,  xp  are  the 
transversal coordinate and momentum of a particle. If 
the emittance shape has a canonical form of ellipse, i.e. 
its semiaxis coincides with the coordinate axis, then tak-
ing into account (2) it is easy to determine the expres-
sion
( )x mxp = ( )x lxp                        (4)
The indexes l and m are applied to laboratory and mov-
ing systems respectively. From expression (4) it follows 
that the integral invariant xdxdp∫ is the relativistic in-
variant too.
If the shape of the normalized emiittance  нЕ  is as 
an ellipse of a canonical form, then 
нЕ = 'xx xβ γ β γ⊥=                 (5)
From expression (5) taking into account (3) it  fol-
lows that the minimum radius of ultrarelativistic beams
min нх Е= /1rad.                  (6)
Thus, the minimum radius of ultrarelativistic beams 
(6) takes a place under acceleration of ultrarelativistic 
beams with a constant value of emittance нЕ , an effort 
to  produce  the  beam  with  the  radius  minх x<  will 
cause losses of charge particles.
Normalized emittances of ultrarelativistic proton ( γ
~80) [3] and electron ( γ ~4000) [4] beams in resonance 
accelerators are нЕ ~100 сm·mrad, then from (6) results 
that  minx : 0.1 cm. The output transversal normalized 
velocities of the electron beam for the linac LU-2 [4] are 
' 410x β −⊥ ≤; ,  the  value  maxβ ⊥ = 2.5·10-4 for  the 
output beam energy W = 2 GeV.
Expression (2-6) are valid under low energies too, it 
enables  to  estimate the minimum emiittance from the 
gun. From expression (6) results that the estimation of a 
minimum emittance as far as possible is connected with 
the  minimum of  beam radius  as  far  as  possible.  The 
minimum of beam radius can be determined using the 
quantum mechanics limitation for a transversal dimen-
sion of the wave packet [5]. For a proton beam this min-
imum is  minх⊥ : 10-5 сm,  for  an  electron  beam it  is
minх⊥ : (10-3÷10-5) сm. Then from (6) we can estimate 
as far as possible the minimum of a normalized emit-
tance. For a proton beam from the gun it is  .minнЕ :
0.01  cm·mrad  and  for  electron  beam  it  is  .minнЕ :
(0.01÷1) cm·mrad.
Most of real emittance values for proton and elec-
tron beams from the gun are higher than the minimum 
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one by an order of magnitude at least. Thus, we estimat-
ed the minimum of beam radius as far as possible (6) for 
the given value of a normalized emittance and, next, the 
minimum emittance  as  far  as possible  for  proton and 
electron beams for the given minimum of beam radius 
as far as possible.
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